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A mathematical description is given of the stochastic nature of the 
process of transfer of material from one reactor to another in multi- 
stage air-counterflow equipment. A modeling technique has been 
developed for experimental determination of the basic characteristics 
of the process. 

One of the bas ic  fea tures  of mul t i s t age  a i r - c o u n t e r -  
flow equipment  [1-3]  is the s toehas t ie  na tu re  of the 
r e s idence  t ime of the m a t e r i a l  be ing p rocessed  in the 
r e a c t o r s .  There  a re  ce r ta in  c h a r a c t e r i s t i c s  of this  
random process  which pe rmi t  the r e l a t ionsh ip  between 
the main  the rmal  and design p a r a m e t e r s  of such equip-  
men t  to be uniquely es tab l i shed .  In fact, i t  is poss ib le  
to choose these p a r a m e t e r s  in such a way as to s eeu re  
re l i ab le ,  s table  ope ra t ion - - in  the the rmal  and hydro -  
dynamic  s ense - - and  to a t ta in  the requ i red  degree  of 
p rocess ing  of the m a t e r i a l .  

Analys is  of va r ious  r eg imes  of opera t ion  of a i r -  
eounterf low sys t ems  indicates  that the most  effective 
technique is to use d i spe r sed  s t r e a m s ,  i n t e rmed ia t e  
between fluids and gas suspens ions  [1]. 

The physical  na ture  of the effect involved in this 
p rocess  is as follows. 

in the axial par t  of the s t r eam,  nea r  the throat,  the 
ae rodynamic  force act ing on a par t ic le  is dec is ive  and 
there fore  in this par t  of the d i f fuser  the par t i c le  a c -  
qu i res  a veloci ty which coincides  in d i rec t ion  with 
the s t r e a m  velocity.  At a ce r t a in  height, however,  the 
weight of the par t ic le  begins  to predominate ,  and the 
motion of the par t ic le  is slowed down. In the conve rg -  
ing sect ion the ae rodynamic  force of the s t r e a m  again 
i nc reases ,  and, at a c e r t a i n  c r i t i c a l  level  the r e -  
su l tan t  force is again d i rec ted  upwards.  If the par t ic le  
a t ta ins  the c r i t i ca l  level ,  then i t  is c a r r i e d  over  f rom 
the r e a c t o r  in quest ion to the previous  one. If the 
ve r t i ca l  component  of the par t ic le  veloci ty becomes  
equal to zero below the c r i t i ca l  level,  the l a t e r a l  
tu rbu len t  f luctuat ions throw the par t i c le  into the pe -  
r iphera l ,  low-veloci ty  par t  of the s t ream,  where the 
main  p rocess  is a fall under  gravi ty  unti l  the pa r t i c l e s  
en te r ,  the throat  region .  It may then happen that ,  because  
of the tu rbulen t  f luctuat ions  of gas veloci ty in the throa t  
region ,  the ae rodynamic  r e s i s t a n c e  of the s t r e a m  can -  
not slow the pa r t i c l e  down, and it pa s se s  into the next 
r e a c t o r .  Otherwise  the whole cycle is repea ted .  

We will examine  an equipment  cons i s t ing  in the 
genera l  case  of n r e a c t o r s  (sec figure).  

Assuming  that we a re  opera t ing  with a po ly f rac -  
tiomtl ma te r i a l ,  we will de sc r ibe  a par t ic le  f ract ion 
by its weight q (or by the d i a m e t e r  d of the equivalent  
sphere)  and int roduce the ftmction fk(q, t) to de t e rmine  
the quanti ty {weight} and the polyfract ional  par t ic le  
d i s t r ibu t ion  in the k- th  r eac to r .  

To be exact, fk(q, t)Aq is the n u m b e r  of pa r t i c l e s  
~r weight in the range  f rom q to q + Aq located at 
t ime  t i n  the r e a c t o r  in quest ion.  

z~ 

Diagram of a i r - eoun te r f low equipment :  1) raw 
m a t e r i a l  input ;  2) flue gas out let ;  3) working 
r e a c t o r s ;  4) b u r n e r s ;  5) f in ished product  out-  

put ;  6) a i r  supply. 

If we neglec t  the t r a n s f o r m a t i o n s  which the pa r t i c l e s  
undergo dur ing  p roces s ing  in the r eac to r ,  we may 
obtain the following exp re s s ion  for the r a t e  of change 

of the function fk(q, t): 

Ofk( q, t) ak-, fk- ,(q,  t)_ck+~f~+l(q, t)--(ah-]-ck)fk(q, t). (1) 
dt 

We as sume  that the average  n u m b e r  of par t i c les ,  of 
weight q, en t e r ing  the (k + 1 ) - t h r e a e t o r  (ejected into 
the (k - 1)-th reac tor )  dur ing  an inf ini te ly  smal l  t ime 
At is propor t ional  to this t ime and to the c u r r e n t  
value of fk(q, t). 

In other  words,  the product  ak(q)At(ck(q)At) gives 
the probabi l i ty  of escape of a pa r t i c le  q into the 
{k + 1)-th r e a c t o r  (eject ion into the (k - 1)-th reac to r )  
dur ing  the inf in i te ly  sma l l  t ime  At. 

Neglect ing the e jec t ion of pa r t i c l e s  into the p r e c e d -  
ing r e a c t o r s  (when the motion is d i rec ted  this effect 
is insignif icant) ,  we obtain the following r e l a t ions  for 
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the p a s s a g e  of p a r t i c l e s  f rom r e a c t o r  to r e a c t o r :  

Ofk(q, t) a,-~V,-,(q, t ) - -  akfs (q, t); k = 1,2 . . . . .  n; (2) 
Ot 

where  a0f0(q, t) = F0(q, t) d e t e r m i n e s  the f r ac t i ona l  
cha rge  d i s t r ibu t ion .  

A s s u m i n g  that  with t = 0, fk(q, 0) = 0 Ik ; 1, 2 , . . . ,  n), 
the so lu t ion  of Eq. (2) wi l l  be 

t 

f~ (q, t) = .[ fo (q, t') exp [--  a~ (t - -  t')l at', 
0 

t 

f~ (q, t) = a~a..., ak_ l S F~ (q' t') • 
0 

k 

M ' ~  exps [ -  a~ (t - -  t')] dt', 

s ~ l  
s : - i  
k =  2, 3 . . . . .  n. (3) 

In the spec i a l  c a se  when the load ing  of m a t e r i a l s  
into the equ ipment  is  i n t e r m i t t e n t  (F0(q, t) = F*(q)~5 (t)), 
the so lu t ion  (3) t akes  the fo rm 

f~ (q, l) = F* (q) exp ( - -  a~t), 
S 

fs (q, [) ----- ala~.., ak_tF* (q) ~ exp ( - -  air) 
k ' 

i = 1  N ( a s -  S, )  

s = l  
s z i  

k = 2, 3 . . . . .  n. (4) 

F o r  a s t e ady  r e g i m e  with a cons tan t  input  r a t e  we 
have 

is(q) =Fo(q)/as, k =  1, 2, ..., n. (5) 

The quant i t i es  examined  a l low a qui te  s i m p l e  d e t e r -  
mina t ion  of a number  of p a r a m e t e r s  d e s c r i b i n g  a i r -  
eounter f low s y s t e m s .  

With the he lp  of these  quant i t i es ,  we m a y  d e t e r m i n e  
l i m i t s  of v a r i a t i o n  of the raw m a t e r i a l  input r a t e  tha t  
p e r m i t  s t ab le  ope ra t ion  of the equ ipment  (depending 
on the flow r a t e  c a p a c i t y  of the th roa t s ) .  Thus, in 
the c a s e  of s t eady  ope ra t ion  of the equipment ,  i t  is  
e a s y  to ob ta in  

qn 

F -4 ~P gVs / l" q ~ (q) dq, 
J as(q) 
0 

qo 

Q = F j" q,~(q)dq. 
0 

qo 

Here ,  [~-- .!' qfs(q)dq/pgVk i s  the vo lume coneen-  
o 

t r a t i on  of so l ids  in the r e a c t o r ,  which usua l ly  c h a r a c -  
t e r i z e s  the va r i ous  r e g i m e s  of ope ra t i on  of s y s t e m s  
with through d i s p e r s e  s t r e a m s  [11; and a(q) is  the 
f r ac t iona l  d i s t r i bu t ion  of the cha rge  m a t e r i a l .  

It  fol lows f rom Eq. (1) that  the p r o b a b i l i t y  d e ns i t y  
of the s tochas t i c  quan t i ty - - the  r e s i d e n c e  t ime  of 
p a r t i c l e s  in the r e a c t o r s - - i s  equal  to 

Ps (~) = ak exp ( - -  as T). (6) 

Hence, in p a r t i c u l a r ,  we obta in  the r e s u l t  that  the 
quant i t i es  a k a r e  i n v e r s e l y  p r o p o r t i o n a l  to the mean  
p a r t i c l e  r e s i d e n c e  t ime  in the r e a c t o r ,  s ince  

i ' T m = T pk (T) d �9 = - .  (7) 
0 a k  

(5), Eq. (6) may  be t r a n s f o r m e d  to the Using Eq. 
form 

m T 

h h 

i . e . ,  in the p a r t i c u l a r  c a se  when the re  is  s t eady  
ope ra t ion  of file equipment  and the va lues  fk a r e  known, 
Eq. (6) co inc ides  with the e x p r e s s i o n  for  p r o b a b i l i t y  
dens i ty  of the dwell  t ime  of p a r t i c l e s  in the r e a c t o r s ,  
as  ob ta ined  in f lu id iza t ion  and suspended  s ta te  theory  
[4-6] .  

In a number  of c a se s ,  knowledge of the  function (6) 
a l lows us to d e t e r m i n e  al l  the changes  which the m a -  
t e r i a l  unde rgoes  dur ing  p r o c e s s i n g ,  i . e . ,  to d e s c r i b e  
the s y s t e m  c o m p l e t e l y  [6]. 

The equ ipment  examined  is des igned  for  hea t  t r e a t -  
men t  of the raw m a t e r i a l .  The de t e rmina t i on  of the 
t e m p e r a t u r e  to which the p a r t i c l e s  a r e  hea ted  r educes  
to in teg ra t ion  of the usua l  equat ion of e x t e r n a l  hea t  
t r a n s f e r  (the p r o c e s s i n g  of  p a r t i c l e s  in the  hea t ing  of 
which in t e rna l  t h e r m a l  r e s i s t a n c e  p lays  a subs tan t i a l  
p a r t  is  s c a r c e l y  e f f i c ien t  in the equipment  examined) :  

c(Ti) p v dTi- = aS(uk -- Ti). (8) 
dt 

One p o s s i b l e  m e a n s  of t ak ing  account  of the s t o -  
chas t i c  na tu r e  of the r e s i d e n c e  t ime  is  to apply  Monte 
C a r l o  methods  [7]. 

By r e p l a c i n g  Eq. (8) by i ts  f i n i t e - d i f f e r e n c e  analog,  
and us ing  the ak c h a r a c t e r i s t i c s ,  we may  d e t e r m i n e  
at  each  t ime  s t ep  whether  a p a r t i c l e  under  examina t ion  
has  le f t  the r e a c t o r  o r  not. In fact,  by using a c o m -  
pu te r  to so lve  this  p r o b l e m  and obtaining,  by some  
m e a n s  o r  o ther ,  a sequence  of p s e u d o - r a n d o m  number s  
~n,  un i fo rmly  d i s t r i b u t e d  in the range  (0, 1), we 
ca l cu l a t e  that  a p a r t i c l e  wil l  leave  a r e a c t o r ,  if 
0 -< ~ n  < akAf, and wil l  r e m a i n  in it, if  akAt  _< ~n -< 1. 

This  p r o c e s s  a l lows us to t r a c k  a p a r t i c l e  up to 
the t ime  that  i t  l e a v e s  the equ ipment  and to d e t e r m i n e  
the t e m p e r a t u r e  that  it  a c q u i r e s .  

The t e m p e r a t u r e  to which the p a r t i c l e s  have been  
hea ted  a l lows us to a s s e s s  what  phys i ca l  and c h e m i c a l  
t r a n s f o r m a t i o n s  have o c c u r r e d  in the m a t e r i a l  be ing  
p r o c e s s e d ,  and, t he re fo re ,  to a s s e s s  the qual i ty  of 
the p r o c e s s .  

By r e p e a t i n g  this  k ind  of p r o c e s s  many  t i m e s  and by 
taking the a r i t h m e t i c  mean,  we may  obta in  the m a t h -  
e m a t i c a l  expec ta t ion  (the mean)  of the d e s i r e d  quan-  
t i t i e s ,  a s  well  a s  the v a r i a n c e  and o t h e r  p r o b a b i l i t y  
c h a r a c t e r i s t i c s .  

The quant i t i es  ak m a y  be d e t e r m i n e d  quite s i m p l y  
by e x p e r i m e n t s  on mode l s .  The e x p e r i m e n t  m a y  be 
c a r r i e d  out both in the s t e a d y - s t a t e  r e g i m e  of o p e r a -  
t ion of  the mode l  and with the i n t e r m i t t e n t  input of 
r aw  m a t e r i a l .  In the f i r s t  c a s e  the quant i t i es  ak a r e  
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determined directly from Eq. (5), while in the second 
case approximate of graphical methods may be ap- 
plied to solve Eq. (4) with respect to a k. 

We will derive a similarity criterion for modeling 
from the probable value of the product akAt. 

The probability that a particle will drop may be 
represented as 

ak A t = PIP2, 

where  Pl  is  the probabi l i ty  of the pa r t i c l e  appear ing  
in the throa t  region  dur ing  a t ime At (for sma l l  At, 
At Pl = At/t0 , where t o is the t ime  dur ing  which a 
pa r t i c l e  moves  in an "orbi t  n inside the r eac to r ) ;  P2 
is the probabi l i ty  of a pa r t i c le  dropping under  the 
condit ions exis t ing  in the throa t  region.  

We obtain  an express ion  for  the probabi l i ty  P1, by 
p rocess ing  the appropr ia te  t r a n s f o r m e d  equat ions of 
mot ion of a pa r t i c le  in the r eac to r ,  under  a s e l f -  
s i m i l a r  r eg ime  of opera t ion (usually observed  in equip-  
men t  of this  kind): 

p~ = A t ~ /g/~  (9) 
%(tg~t; tgT_~; hl/r~; Fr; B; C) 

The probabi l i ty  P2 is de t e rmined  sole ly  by the 
re la t ion  between the forces  ac t ing  on the par t i c le  at  
the t ime  at which it  is  located in the throat,  i. e . ,  the 
quant i t ies  ~ d ~ (p -r io) and ~ d 2 ~p'w 2. 

Here  w is the ins tan taneous  veloci ty of the s t r e a m  
at the point under  examina t ion  (the absolute  veloci ty 
of a par t ic le  in the throat  reg ion  is ve ry  smal l ) .  

The veloci ty w is a s tochas t ic  quanti ty,  the d i s -  
t r ibu t ion  of which may be expressed  in the genera l  
case  as a function of w m - - m e a n  veloci ty  in the throat  

[81. 
The par t ic le  may drop when w _< Wcr, where Wcr 

is de t e rmined  f rom the re l a t ion  

4d p g = 3 ~p, aver. 

Then 

P_~ -- P (w <-~ Wcr ) -- % (Fr; B). 

F ina l ly ,  we obtain 

A-=-a~ Vr~:g = ( l ) ( t g ~ ;  tgy._,; h,/rk: Fr; B: C). (10) 

In de r iv ing  Eqs. (9) and (10), it was assumed,  for 
def in i teness ,  that the gas dens i ty  va r i e s  over  the 
height  of the r e a c t o r  accord ing  to a l i nea r  law: 

p ' ( s )=p , ,+bs ,  O ~ s . < h .  

The c r i t e r i a l  Eq. (10) is s impl i f ied  cons ide rab ly  if 
we neglect  the inf luence of this  change of gas dens i ty  
on the hydrodynamics  of the process ,  while r e t a in ing  
the geomet r i c  s i m i l i a r t y  of shape of the model and the 
working equipment .  We then obtain 

A = O, (Fr; B). 

F r o m  model expe r imen t s  the following formula* was ob-  
tained for the de t e rmina t ion  of the p a r a m e t e r  A :-- a V h g: 

*For  this equipment  the m a x i m u m  p e r m i s s i b l e  value 
was /3 ~ 0.035. 

A = 109.8 Fr-5 5B 0"5 

for 1 0 0 < F r < 2 5 0 ;  1 0 < B < 3 5 .  (11) 

Here a ce r t a in  d i f ference  in the r e a c t o r s  proved to 
be impor tan t .  In Eq. (11) we took the r e a c t o r  height 
h as a c h a r a c t e r i s t i c  d imens ion ;  the c h a r a c t e r i s t i c  
veloci ty  is the mean  veloci ty  of the s t r e a m  in the c o r -  
responding  throat .  

The r e s idence  t ime  of pa r t i c l e s  in the reac to r ,  as 
ca lcula ted  us ing Eq. (11), is in sa t i s f ac to ry  a g r e e -  
men t  with the value de t e rmined  expe r imen ta l l y  on a 
hot model  of the equipment .  

The equipment  inves t iga ted  was designed for p r o -  
ce s s ing  clay to fo rm f i rec lay .  The qual i ty of the 
f i r ing  of the pa r t i c l e s  is c ha r a c t e r i z e d  by the i r  water  
absorpt ion .  By d e t e r m i n i n g  the water  absorpt ion  as 
a function of the t e m p e r a t u r e  to which the pa r t i c l e s  
were  heated [9], which was found accord ing  to the 
method descr ibed,  we also obtained sa t i s fac to ry  
a g r e e me n t  between the ca lcula ted  and the e x p e r i m e n -  
ta l ly  de t e rmined  quant i t ies  both as r e g a r d s  the qual i ty 
of f i r e - c l a y  obtained, and as r e ga r d s  the ve loc i t ies  
and t e m p e r a t u r e s  p r e s e n t  to s ecu re  this quali ty.  

The above approach to the study of opera t ion  of 
equipment  of the a i r - coun te r f low type may be used 
for  inves t iga t ing  o ther  s y s t e m s  with through d i s p e r s e  
s t r e a m s  (for example,  equipment  with opposing je ts  
[10]), in which a subs tan t ia l  ro le  is played by the 
s tochas t ic  na tu re  of the r e s i de nc e  t ime  of the m a t e -  
t ial  being p r oc e s se d  in the r e a c t o r s  of the sys tem.  

NOTATION 

q is the weight c h a r a c t e r i s t i c  of par t ic le  f rac t ion ;  
qo is the weight of m a x i m u m  f rac t ion ;  n is the n u m b e r  
of r e a c t o r s ;  t, T is the t ime ;  r m is the m e a n  t ime;  ak 
c ka r e  the c h a r a c t e r i s t i c s  de sc r ib ing  escape and e j e c -  
t ionof  pa r t i c l e s ;  d,p,  v, S, T a r e  the d iamete r ,  m a t e r i a l  
densi ty,  volume, sur face  area ,  and t e m p e r a t u r e  of 
pa r t i c l e s ;  V is the r e a c t o r  vo lume;  F 0 is the f r a c t -  
ional input ra te ;  F is the total (par t ic le  number)  in -  
put r a te ;  Q is the m a s s  input r a t e ;  u, c ,p 'o i s  the 
t e m p e r a t u r e ,  specif ic  heat ,  and dens i ty  of gas;  w, w m,  
Wcr a re  the in s t an taneous ,  mean ,  and c r i t i c a l  ve loc i ty  
of s t r eam;  ~ is  the heat  t r a n s f e r  coefficient;  T1, T2 
a re  the opening angles  of the d ivergen t  and convergen t  
sec t ions  of the r eac to r s ;  r is  the throat  radius ;  
h is the r e a c t o r  height; h i is  the height of one of the 
cones making up the r eac to r ;  ~ is the r e s i s t a n c e  
coeff icient ;  g is the acce le ra t ion  due to gravi ty ;  fl is 
the volume concen t ra t ion ;  s is the height coordinate  
of r eac to r ;  F r  = w2/gr, B = pd/p 'or ,  C = br /p 'o ,  A = 
= a (r /g) 1/2 a re  s i m i l a r i t y  c r i t e r i a ;  b is  a coefficient.  
Subscr ip ts :  k r e f e r s  to the r eac to r ,  i to the par t i c le .  
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